Abstract-In this work, we consider differential modulation in two-way relay channels (TWRC). In single antenna systems, we propose non-coherent schemes for both amplify-and forward (AF) and decode-and-forward (DF) where the channel state information is not required. These new schemes are counterparts of the traditional non-coherent detection in point to point communications. The difficulty with differential modulation design in TWRC is that the received signal is a mixture of the signals from both source terminals. We derive maximum likelihood (ML) detectors for both AF and DF. The DF protocol can be considered as performing differential network coding at the physical layer. In addition, we propose several suboptimal alternatives including decision feedback and prediction based detectors. All these strategies work well as evidenced by simulation results. We also extend the schemes to the multiple-antenna case and provide design criterion of differential unitary space time modulation.
I. INTRODUCTION Two-way communications is a promising type of modern communications, where both source terminals simultaneously send information to each other. Two-way relay channels (TWRC) has drawn much interest recently [1] [2] [3] [4] . Both AF and DF under one-way relay channels were extended to the half-duplex TWRC in [1] . In [2] , a new type relaying scheme, called partial decode-and-forward was designed for TWRC, and the space-time codes that can achieve full spatial diversity were also proposed. In [3] , [4] , the relay function is optimized to attain the minimum error probability. Besides, an estimateand-forward scheme is also proposed in [3] , [4] . Most work on TWRC [1] [2] [3] [4] relies on perfect channel state information (CSI), and data recovery uses coherent data detection. In practice, accurate channel estimate may be hard to obtain. In this case, non-coherent schemes, not relying on the instant CSI, is a better choice [5] [6] [7] . However, differential strategy in TWRC is a new and challenging problem because in TWRC the received signal at one terminal is a mixture of its transmitted signal and the signal from the other terminal. If the self-signal component is known, it can be canceled and the conventional differential scheme [5] [6] [7] can be applied. However, when both channels are unknown, the mixture of the two unknown parts destroy the phase rotation property which prevents the use of traditional differential transmission.
In this work, we start with a single antenna system. We first consider the AF relaying scheme and derive the probability density function (pdf) of the received signal. Since the pdf cannot be expressed in a simple form, we propose a suboptimal criterion, where the pdf of the received signal conditioned on the unknown signal from the other source terminal can then be described by the modified bessel function giving a maximum likelihood (ML) detector. As the ML detector may be hard to use in practice due to the modified bessel function, we propose a decision feedback scheme by considering three consecutive received signals. Moreover, a prediction based detector is proposed for AF in time varying channels. In DF, the relay first decodes the signals from the two terminals and re-encodes the information before broadcasting. The so called differential physical layer network coding is proposed, which performs network coding at the physical layer non-coherently. However, different from conventional DF where s 1 and s 2 are detected separately at the relay and s i is transmitted signal from source i, i=1,2, the proposed strategy directly detects s 1 +s 2 and encodes s 1 +s 2 directly. In the end, all the proposed schemes are extended to the multiple antennas. The design criterion of DUSTM is also given through performance analysis. From simulation, we find that the proposed protocols are especially useful when the required average data rate is high.
II. SINGLE ANTENNA SYSTEMS

A. System Model
We consider a network with 3 nodes: two source terminals and one relay, where the two source terminals want to exchange information with the help of the relay. We assume a half duplex system. The system is operated in time slots. Each time slot is partitioned into two equal parts. The first part is used for uplink transmission from the sources to the relay and the second part is used for downlink transmission from the relay to the two terminals. We consider a special protocol where the two terminals are active simultaneously in the first part, which corresponds to the 2 time slot protocol in [2] . 4 time slot and 3 time slot protocols are also proposed in [2] . In 4 time slot protocols, each time slot is partitioned into 4 parts. Only one node is active in any part, which actually reduces to the conventional one way communication. Therefore, conventional differential modulations apply to 4 time slot protocols directly. Here, we mainly focus on the 2 time slot protocol, not only because it typically has a high spectral efficiency [2] , but also because novel differential modulation strategies can be derived.
Source the transmitted signals by the source i and the relay at time slot n are
The received signal at the relay is
and the receive signal at terminal i is
where h i is the channel gain between source i and the relay i=1,2, w r [n] and w i [n] are additive white Gaussian noise (AWGN) at the relay and the source i with zero mean and variances σ 2 r and σ 2 s , respectively. We have assumed reciprocal channel for notation simplicity. Otherwise mentioned, we assume that h i remains static at least over two time slots.
By differential modulation, we do not assume the knowledge of h 1 and h 2 at any node. However, we assume that the statistics of h i is known, which is CN (0,1).
B. Amplify-and-Forward
By AF, we choose
where β>0 is a constant to keep the power constraint at the relay. We focus on source 1 as source 2 can be discussed similarly. At source 1, we obtain
where
is AWGN with zero mean and variance σ 1) Optimal ML Detector: The optimal ML detector should be derived from the pdf of y 1 conditioned on x 1 ,x 2 , where
T and
Clearly, y 1 is complex Gaussian given h 1 and x 1 ,x 2 with pdf p(y 1 |h 1 ,x 1 ,x 2 ). We can obtain p(y 1 |x 1 ,x 2 ) by averaging p(y 1 |h 1 ,x 1 ,x 2 ) over h 1 . The optimal ML detector is obtained by maximizing p(y 1 |x 1 ,x 2 ). However, closed-form p(y 1 |x 1 ,x 2 ) is hard to obtain. Details can be found in [8] .
2) Suboptimal ML Detector: In the suboptimal detector, we first cancel the contribution of
Given h 1 and
) over the pdf of h 1 , i.e., [8] 
where K 0 (·) is the modified bessel function of the second kind of zero order. Therefore, the suboptimal ML detector iŝ
The suboptimal detector requires that ∀s 1 3) Decision Feedback Detector: By assuming perfect detection in previous time slots, we get
We can thus obtain the pdf of
wherê
The decision feedback detector is obtained by maximizing (8 2 [n],s 1 [n]∈Q. Hence, the two source terminals should transmit with different constellations. For example, we could choose Q 1 ={−1,1} and Q 2 ={−j,j} for the two source terminals. When M -PSK is used, the constellation for one terminal is a rotation of that for the other one.
4) Prediction Based Detector:
When channel gains h 1 and h 2 varies over time, the contribution of x 1 [n] cannot be completely cancelled out by using (4) directly. Also, it is hard to compute p(y 1 |x 1 ,x 2 ) in time varying channels. Motivated by the prediction based decision feedback differential detection in [5] for the point to point case, we propose a prediction based differential detector for TWRC. Instead of subtracting
, we consider cancelling the effect of x 1 [n] by using K previously received symbols, i.e.,
We should choose p n,k to minimize the expected noise variance and estimation error w e =u 1 [n]−βh 1 h 2 x 2 [n]. Hence, p n,k can be determined from the Yule-Walker equations
With this p n , we can write u 1 [n] in (10) as
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The joint distribution of 
where s=[1, 
The prediction based detector can also be extended to multiple symbol detection.
C. Decode-and-Forward 1) Single Symbol Detector:
In DF, the relay first decodes its received signal. From (1), we can write the received signals at the relay in the n-th and n−1-th time slots as
. We can write (15) as
As several s 
p(yr|s[n])p(s[n]) p(yr)
. As p(y r ) is a common factor, the MAP detector for s[n] iŝ
After obtainingŝ[n]=ŝ 1 [n]+ŝ 2 [n] from (18), the relay does not transmit a scaled version ofŝ[n] as in conventional DF because we should also use differential modulation in the downlink channel from the relay to the two source terminals. We use the idea of network coding. Recall that in the basic network coding, source terminal i transmits b i ∈{0,1}. The relay decodes b 1 and b 2 and broadcasts b r =(b 1 +b 2 ) mod2. As source i already knows b i , it can decode the signal from the other terminal by (b r −b i ) mod2. In conventional network coding, the relay decodes b 1 and b 2 separately at the physical layer and network coding is applied at the networking layer.
To use network coding at the physical layer, we first solvê , l i ∈{0,1,...,M −1} and i=1,2 . We color this node using a color out of the M colors and remove this node from G, which gives a graph G . In G , each node belongs to two cliques of size M −1. By following the same greedy coloring algorithm as when M is odd, G can be colored using M −1 colors. Finally, M colors are sufficiently to color G. Therefore, we can obtain a valid mapping M for any M . For example, when Q={−1,1},
Different from conventional network coding at the networking layer operating on finite field. Here, we define a physical layer differential network coding by a mapping M. But M is operated on real signals rather than on finite filed. In fact, the mapping M defines a group with an equivalent additive operation on the indices as lr =l1⊕l2.
The signal transmitted by the relay is thus s r [n]=e This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE "GLOBECOM" 2008 proceedings.
V. CONCLUSION In this paper, we have considered non-coherent transmission in TWRC. Differential AF and DF strategies were proposed for Average symbol error rate comparison between different 2-AF strategies using BPSK and 4-AF protocol using QPSK.
both single antenna and multiple antenna systems. These new schemes are the counterpart of the traditional non-coherent detection or the differential detection in point to point communications. We derived ML detectors for both AF and DF protocols. The DF protocol could be considered as performing differential network coding at the physical layer. To reduce the complexity of the ML detector, decision feedback detectors and prediction based detectors were proposed. Moreover, the protocols were extended to the multiple-antenna case, where DUSTM design criterion is provided.
